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1. Consider two fuzzy sets A and B with the following membership functions, x4 and pp, respectively.

pa(z)  pe(z)

(a) Determine AU B, and sketch its membership function, where paup = sup(pa, 4B)-

Solution: From the definition of the union, we get the following membership function for AU B.

. (1/2)z, if0<z <2 tauB(z)
—(1/2)(z —4), if2<z<3; :
pauvs(z) =< 1, if 3 <z <5 '
—(z —6), if 5 <z <6 :
0, otherwise.
-1 0 1 2 3 4 5 6 7 =z

(b) Determine AU B, and sketch its membership function, where pqup = 4 + B — pAlB-

Solution: In this case, we could calculate the membership function from the analytical representa-
tions of the individual membership functions, or we could separate the expression for the union
into manageable components, such as u4 + pp and papup.

) ra(z) + pp(z)
The sum of the individual membership functions is eas- 1 e O

ily obtained from the given sketchs.
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‘ Similarly, the product of the individual membership 1
functions is easily obtained from the given sketchs; pa(z)up(z)
since in most of the regions, one of the functions is R
Zero.

-1 0 1 2 3 4 5 6 7 =z

When we subtract the above product from the above sum, we get the sketch of the membership
function of the union.

(1/2)z, if0<z <2
—(1/2(z—4), if2<zx<3;
pauB(z) =< 1, if3<z<5;
—(z — 6), if 5 <z <6 :
0, otherwise.
-1 0 1 2 3 4 5 6 7 =z

2. Consider a two-dimensional fuzzy set A; x As with the membership function

_ 2
uAlez(m1a$2) =€ (@1-+22) 3

where z; € [-1,1], and z; € [0, 1].
‘ (a) Determine the projection of the fuzzy set A;xAj on its first dimension, where the membership

function of the projection is denoted by pp, .

Solution: From the definition of the projection, we have

_ 2
iy (81) = SUD (warxay(on,z2) = sup (em@+=a)).
z2€[0,1] 0<z2<1

Since the function e~(®12)” js continuous and bounded, its supremum with respect to z5 in
a compact domain is either at a point where the partial derivative is zero or on one of the
boundaries. The partial derivative gives

Opa; x4, (T1,T2) 8(e—(1‘1+w2)2)

— - _9 ~(z14+x2)2.
8372 8.’1?2 ("El +$2)€ )

and when Oua,xa,(z1,22)/0z2 = 0, we get zo = —z;. However, since —1 < z; < 1, but
0 < z9 <1;when0 < z; <1, 23 cannot be equal to —z;. In this case, the supremum value occurs
at the boundary where zo = 0. Since (e~(®1+#2)%), ___ =1, and (e-(®+®)*)  _; = ¢=®"; we
get
1, if —1< 2z <0;
KP4, (21) = {e—wx"’, if 0<az <1

(b) Determine the cylindrical extension of the projection in the previous part back to the two-dimensional
. space, where the membership function of the cylindrical extension is denoted by pp, x£,,-



EE 338 Exam#1 Solutions Fall 2003 3/7

Solution: From the definition of the extension, we have

HPs, xEy, (z1,22) = BPy, (z1),

or
ray) = {1 if 1<z <0;
uPAIXEAz 1,42) = 6_312, if 0<z;<1.

3. Consider the two fuzzy relations P and () with the membership functions
pp(z,y) = min(1, pa(z) + #a(y)),
and

1Q(y, 2) = max(0, uc(2) — pa(Y)),

where p4, pup, and pc are membership functions of fuzzy sets A, B, and C, respectively. Determine the
membership function pp.g(z,2z) of the composition P o @), when the s-function is the supremum, and
the ¢-function is the infimum. Assume that the membership function pp attains all the values between 0
and 1.

Solution: The membership function of the composition is given by
1peq(2,2) = S(t(up(e,y) naly,2))) = sgp(inf (up(z,9), hq(y, 2)))

= sgp(inf(min(l,,u/i(l') + MB(y)),max(O,uc(Z) - NB(y))))>

where S and t are the s-function and the ¢-function, respectively. To determine ppog, we first
determine pp and pug.

,bp =min(l,pa + pp)

pp(z,y) = min(1, pa(z) + pa(y)).
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- e» a» an BCc
‘-;—-"

pQ(y, z) = max (0, uc(2) — pa(y))- L
k@ = max(0,pc — ug)

In order to determine the inf(up,pg), we need to plot the two solid lines in the above figures and
choose the minimum. However, the minimum will depend on the relationship between p4 and pc.
So, we need to consider two cases.

pra < pc

In this case, the two solid lines in the above figures
intersect at a point such that

BA+ UB = UC — B,

or at ugp = (uc — p4)/2. As we can observe from the BP
figure, the maximum value of the minimum curve with | :'
respect to pup is attained at up = (uc — pna)/2, and LI AW dhan
this maximum value is 4 ;

BPoQ = sup(inf(min(l,,uA + pp), max(0, uc — #B))) M

= [pa+ /‘B]u3=(uc—u,4)/2 0 uc 1 us
= [pe - “B]u3=(uc—u,4)/2 (ho — pa)/2
_ ka4 + uc
—
rA > pc
In this case, the two solid lines in the above figures do
not intersect. As a result, up
ppog = sup(inf(min(1, ua + pp), max(0, uc — uB))) 1
y
= max(0, uc — pB); Ha

and the maximum value is attained at the boundary Ho \inf( u; 4o) = Ho

when up = 0, where its value is uc. - >
0 puc 1 upp
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. Combining the two cases, we get

(na(@) + pc(2))/2, if pa(z) < pe(z);

IJIPOQ('T’Z) = {NC(z)’ if ,U,A(x) > ,U,C(Z);

or more compactly
upoq(z,2) = (min(pa(z), uc(2)) + ne(2)) /2.

4. Consider a triple-rule fuzzy logic system, such that
R': A' — Bi,
R?: A — B?,
R3:. A®* — B3,

where A, A2, A3 B, B2, and B?® are fuzzy sets with the membership functions

(z+3)/2, f-3<z<-1;

par(z) =< 1, if-1<z<0
0, otherwise;

1, fo0<z<1;
paz(z) =¢ —(x—-3)/2, fl<z<3;

. 0, otherwise;
1, ifl<z<2;
pas(z) =¢ —(xz—4)/2, if2<z<4

0, otherwise;
_f1-ly+1], ifly+1 <L

wpr (V) = {0, otherwise;

1-Jy-1|, ifly-1<1;
otherwise;

and

_f1-ly=2) ifly-2/<y
. Hps(y) = {0, otherwise;
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respectively. Assume the input value is z* = 0. Determine the corresponding output y* by assuming the
‘ minimum inference-engine with triangular fuzzifier such that

I‘A/(z)
(z) = l—|z—g*, flz—2* <1
ra 10, otherwise;

z‘—l/ \x‘-{-l
and center-average defuzzifier. In other words, assume the triangular fuzzifier, the individual-based infer-

ence, the Mamdani-minimum implication, the supremum as the s-function, the infimum as the ¢-function,
and the center-average defuzzifier. Show all your work.

Solution: The minimum inference-engine provides an output fuzzy set B’ with the membership function
g p p

pp (y) = S‘fp(zls,.‘.l.% ) (min(paq (1), - pag (zn), may (21), - ar (Tn), 1 () ) e (y))-
In our case, the input is one dimensional, and there are three rules, so
upn (y) = sup(min(na (z), par (@), npt (),
for rules R, 1 =1, 2, and 3.
The expression min(u4(x), pa1 (), pp1(y)) for z* = 0
gives
min (p (), par (), ppr (y))

_ Jmin(1+z,pp(y), if-1<z<0;
10, otherwise;

1+z, if-1<z<pp(y)-1;

=4 wp(y), fpp(y)-1<z<0;
0, otherwise.

So, pipn (y) = sup, (min(pa (), par (z), pp1(y))) = pp1(y).
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The expression min(ua (), pa2(z), ppe(y)) for z* = 0
gives

min(uAr (z), paz(z), pup2 (y))

_ Jmin(l —z,pp2(y)), if0<z<1;
0, otherwise;

1—z, ifl-pp(y)<z<l,

pp2(y), f0<z<1—pp(y);
0, otherwise.

So, pp2(y) = sup, (min(ua (z), paz(z), pp2(¥))) = pp(v).

The expression min(,uAr(w),uAs(:n),uBa(y)) for z* = 0 par@ L kgs(
gives R : ‘\’
min " z), = 0. .: ..‘ \ min(. ..
(Lar(x), pas(z), ppa(y)) A e
01 2 3 4 5 T

So, g3 (y) = sup, (min(par (), pas(z), pps(y))) = 0.
The center-average defuzzifier gives

* _ Zl gl hgt (Bll)
> hgt (B’l) ,

where 7 is the center (of gravity) of the fuzzy set B'', and hgt () is the height of a fuzzy set. In our
case, ! = —1, hgt(B'l) =1,7% =1, hgt(B’z) =1, and hgt(B’3) = 0. Therefore,

= (=DH®) +1HA) + (7*)(0)
(1) + (1) +(0) ’

or



