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1. Consider a double-rule fuzzy logic system, such that

R': A' — B,
R?: A* — B?,

where A, A2, B!, and B? are fuzzy sets with the membership functions

(z+3)/2, if -3<z<-1;

Ba1(z)
war(z) = ¢ 1, if -1<z<0; —}
0, otherwise;

—4—3-2-101 T

1, if0<z<1;

H42(2)
paz(z) =8 —(z-3)/2, ifl<z<3
0, otherwise;
—1 0 1234 x
(y) = 1-|y+1], ifjly+1 <1, b1 (¥)
HBHYI T o, otherwise;
—3—2-101 y
and
_J1-ly—-1], ifly-1 <1
he2) = {0, otherwise;
Yy
respectively.

(a) Obtain the compact formula fproduct(z) for the fuzzy system by assuming the product-inference
engine with singleton fuzzifier and maximum defuzzifier. (30pts)

(b) Obtain the compact formula fminimum(z) for the fuzzy system by assuming the minimum-inference
engine with singleton fuzzifier and maximum defuzzifier. (10pts)



2

2. Consider the continuous function
. glz)=1-=z

that is defined on z € [—1,1}.

(a) Design a fuzzy logic system with minimum number of triangular membership functions and the
center-average defuzzifier to uniformly approximate g with a guaranteed accuracy such that

sup lg(z) — f(z)| < 0.5,

where f(x) is the output of the fuzzy system for the input z. Clearly describe the designed fuzzy
sets and the rules. State the types of the fuzzifier and the inference engine to be used. (25pts)

(b) Determine the theoretically possible maximum error, if the maximum defuzifier is used in the
fuzzy-logic system of the previous part instead of the center-average defuzzifer. (10pts)

3. The following input-output data have been provided for a nonlinear function g(z)forze [0,1].

z |0 0.10 0.25 050 1

glz) |2 198 188 150 0

Design a fuzzy logic system approximating g(z) for z € [0, 1] based on the given points using a table
look-up approach with triangular membership functions. (25pts)
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1. Consider a double-rule fuzzy logic system, such that

R!': A!' — B,
R2 . A2 _ B2,

where Al, A2, B, and B? are fuzzy sets with the membership functions

(z+3)/2, if-3<z<-1;

wa1(x)
par(z) =4 1, if-1<2<0; —1
g, otherwise; :

—4-3-2-1 0 1 x

1, fo<z<;

b 2(x)
pp(z) =4 —(z-13)/2, ifl<z<3; 1
0, otherwise;

—1 01234 z

1-|y+1], ifly+1 <1
otherwise;

kgt (y)

—3-2-101 y

and

_ 1=y -1 ifly-1 <1
pp2(y) = 0, otherwise;

-101 23 v

respectively.

(a) Obtain the compact formula fproduct() for the fuzzy system by assuming the product-inference

engine with singleton fuzzifier and maximum defuzzifier.

Solution: For the product-inference engine with singleton fuzzifier and maximum defuzzifier, the

compact formula
fproduct («'L') = 371 ’

where [* is from the rule RY", such that

o e @it (2) b (2) 2 gt (B)piag (@) - paag (2)
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for all I, and 7* is the center (of gravity) of the fuzzy set B!". In our case, the input is one
dimensional, and there are two rules, so

-1 s
_J gt fpa(z) > pa(x);
x =
Foroduct (T) { gZ, otherwise.
From the given functions pg: and upg2, we observe that §* = —1 and 7> = 1, respectively.
Moreover, from the given functions p 41 and p 42, we observe that when z <0, we have p41(x) >
pa2(z); since pa1(z) > 0, and p42(z) = 0 for z < 0. Therefore,

; (z) = -1, ifz <0
product - 1, otherwise.

Note that when pa1(z) = pa2(z), the choice for [* is arbitrary. Here, we made one particular
choice in the final expression of fyroquct, but other choices are also possible.

(b) Obtain the compact formula fminimum(z) for the fuzzy system by assuming the minimum-inference
engine with singleton fuzzifier and maximum defuzzifier.

Solution: For the minimum-inference engine with singleton fuzzifier and maximum defuzzifier, the

compact formula
fminimum(x) = ﬂl )

where [* is from the rule RY, such that
min( g4 (2), bt (2), - -5 par (2) 2 min((pgy (2), wag (@), 04 (7))

for all I, and 7" is the center (of gravity) of the fuzzy set BY. In our case, the input is one
dimensional and there are two rules, so

f ini ($) = gly if /’LAl(x) 2 'UIA2(:L‘);
minimum 372, otherwise.

From the given functions pg and pgz, we observe that 71 = —1 and §? = 1, respectively.
Moreover, from the given functions p 41 and p 42, we observe that when z <0, we have p1(z) >
pa2(z); since p41(z) > 0, and py2(z) = 0 for £ < 0. Therefore,

-1, ifz <0
fminimum () = { 1, otherwise.

Note that when p41(z) = pa2(z), the choice for [* is arbitrary. Here, we made one particular

choice in the final expression of fminimum, but other choices are also possible.

2. Consider the continuous function
2

g(z)=1-z
that is defined on z € [—1,1].

(a) Design a fuzzy logic system with minimum number of triangular membership functions and the
center-average defuzzifier to uniformly approximate g with a guaranteed accuracy such that

%MN@—f@N<0&

where f(z) is the output of the fuzzy system for the input z. Clearly describe the designed fuzzy
sets and the rules. State the types of the fuzzifier and the inference engine to be used.
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Solution: A fuzzy logic system described by the function f with normal, consistent, and complete
triangular membership functions with the center-average defuzzifier approximates any twice-
differentiable function g, such that

)

where h is the maximum separation between adjacent triangular membership functions. In our
case,

d?g(z)
dz2

sup lg(z) - f(z)| < % (s:p

d?g(z) _ d?(1 - z?%) _ d(—2z) — 9

dz? dz? dz
From the desired accuracy requirement and from the above error expression, we need to have

1 2
1 (sup d*g(z)
8\ =

dz?
( sup | —2|> h? < 0.5
z€[-1,1]

h2
I < 0.5,

)h2 <05

oo| =

or h < /2 = 1.41. Since we need a membership function at the two ends of the region [~1,1],
we need at least one other membership function to have h < 1.41. Let the other one be centered
at 0, so that h = 1. Therefore, the input fuzzy membership functions are

_J—z if-1<z<0; pa, (@) a, (2) tas (@)
pa(z) = { 0, otherwise;

pa(z) =1~ |z,

and

(z) = z, f0<z<1;
HAs\T) =10, otherwise.

To design for the output sets, we need to determine the values of g at the centers of the triangular
input sets.

9(Z1) = g(-1) =0,
9(Z2) = g(0) =1,
9(z3) = g(1) =0,

where Z; is the center of the fuzzy set A; for i = 1, 2, 3. Since there are two distinct values at
the output, we need at least two output membership functions. The only requirements we have
on these output membership functions are that they are normal and their centers are at 0 and 1.
One choice for the output membership functions is
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. “Bl(z) [27:-2% (l)
(z) = 1—-z, if0<z<1;
HBIT) =1 o, otherwise;

and

() = z, if0<xz<1;
FB2\T) =10, otherwise.

-1 0 1 T

(b) Determine the theoretically possible maximum error, if the maximum defuzzifier is used in the

fuzzy-logic system of the previous part instead of the center-average defuzzifier.

Solution: A fuzzy logic system described by the function f with normal, consistent, and complete
triangular membership functions with the maximum defuzzifier approximates any differentiable

function g, such that
suplg(e) — @) < (sup| 42 ) .

where h is the maximum separation between adjacent triangular membership functions. In our
case,

dg(z)

Sl;plg(m) LGS ( sup |—2x|) (1) =2

z€[—1,1]

Therefore, the theoretically possible maximum error, sup, |g(z) — f(z)| < 2.

3. The following input-output data have been provided for a nonlinear function g(z) for z € [0,1].

T |0 0.10 0.25 0.50 1

glz) |2 198 188 150 0

Design a fuzzy logic system approximating g(z) for z € [0,1] based on the given points using a table
look-up approach with triangular membership functions.

Solution: The crucial factor in the choice of the input membership functions is consistency. For a

normal and complete set of membership functions, we should not obtain conflicting rules based on
the given data. One way to avoid such conflict is to associate a different membership function for
each input data point. Therefore, one possible set of input membership functions is given in the
following figure.
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There is no consistency problem with the output membership functions, but we may want to separate
the output data points on different membership function to preserve the resolution of the given

function. One possible set of output membership functions is given in the following figure.

“B,

With these input and output fuzzy sets, the rules of the fuzzy system are

Ay
A
A3
Aq
As

— By,
— By,
— Bjs,
— By,

—_ Bl.

1.5



