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1. Consider a control system described by
21(t) = —z1(t) — u(t)
T2(t) = —2z2(t) — 2u(2),
where 7, and z; are the state variables, and u is the contro] variable. Assuming that [u(t)| < 1, determine
the trajectory of the state variables under a control that will transfer the states from [ -4 6 ]T to
[ -2 0 ]T in minimum time. Plot the trajectory, but do not compute the switching time instance(s).

2. Consider a discrete-time linear system described by
z(k +1) = z(k)
zk+1)=z(k+1) + vk +1),
where z and 2 are the state and the output variables, respectively, z(0) is a gaussian random variable,
and v(k + 1) is a zero-mean gaussian stochastic process with Efv(k + 1)v(j +1)] = 70xj. Assuming that
z(0) and v(k + 1) are independent, determine the filtered estimate of the state £(k +1 | k + 1) in terms
of po =p(0 | 0) = E[z%(0)], r, #(k | k), and z(k + 1). HINT: Use the second formulation of the Kalman
gain equations; and to determine p(k | k) in terms of p(0 | 0), first obtain 1 /p(k+1|k+1) in terms of
@® v
3. A discrete-time linear system is described by
z(k+1) = 2z(k) + w(k)
z(k+1) =z(k+1) + vk + 1),
where = and z are the state and the output variables, respectively; and the system and the output
noises are zero-mean, independent gaussian stochastic processes with covariances Elw(k)w(j)] = 26; and
Elv(k+1)v(j +1)] = 0kj. Determine the filtered estimate Z(k+ 1|k + 1) and the predicted estimate

E(k+ 1| k) for k = 0 and 1; if the initial condition is a zero-mean gaussian random variable that is
independent of the other stochastic processes, E[z%(0)] = p(0) = 1/2, 2(1) =2, and 2(2) = 3.

4. A constant speed motor with a very large motor time constant can be described by

[60]-[5 5] 28]
z(t) =1 0][38”+u(t)

after normalization, where 6 and w are the state variables, and z is the output variable. Assuming that
the initial state vector [6(0) w(0) ]T is a zero-mean gaussian random vector that is independent of the
output noise, with covariance

_ | po O
‘ and the noise is a zero-mean gaussian stochastic process with E[v(t)vT (1)] = ré(t — 7), determine the

kalman gain matrix K(t) in terms of py and . HINT: Some elements of P(¢ | t) can be guessed from the
problem definition.
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